Mechanical coupling between grains in a randomly packed unconsolidated granular medium is shown to cause an increase in the effective inertia, hence, a reduction in sound and shear wave speeds, relative to predictions by the standard expressions for a uniform elastic solid. The effect may be represented as a virtual mass term, and directly related to the scintillation index of the grain-to-grain contact stiffness.
where G HM is the shear modulus, K HM bulk modulus, density, c p and c s the pressure and shear wave speeds. It will be shown that this procedure will lead to significant inaccuracies because of grain-to-grain interactions in a randomly packed structure. The conservation of energy approach will be used because it is the most insightful. Starting with a propagating wave of the form
where u is the displacement in the +x direction, A u displacement amplitude, angular frequency, and t time, the kinetic and potential energies in an elastic solid are given by In the lossless case, conservation of energy requires that the sum of the two energies be a constant. The resulting solution is the expression for the pressure wave speed in Eq. ͑1͒. A similar analysis yields the expression for the shear wave speed. In a granular medium, with the same values of bulk and shear moduli ͑G HM and K HM ͒, it is postulated that there are additional terms in the kinetic energy equation, due to orthogonal linear and angular motion at the grain level. To put this concept into its proper perspective, it is necessary to understand the underlying assumptions that are commonly used and their implications. A qualitative description will be given, with the aid of the diagrams in Fig. 1 . A regular arrangement of five grains, in the equilibrium state, is shown in Fig. 1͑a͒ . The grains are spherical and each grain-to-grain contact region is outlined by a rectangular boundary. Consider the situation where the outer grains are pushed horizontally toward the center grain by external forces. If one assumes a homogeneous and elastic medium, the strain must be evenly distributed. The implication is that grains deform into ovals and the contact rectangles are compressed and slightly sheared, as illustrated in Fig. 1͑b͒ . The porosity remains constant and the Poisson's ratio of the frame is equal to that of the grain material. This assumption is often used in the application of Biot's theory to the modeling of porous rocks and sandstones, 1,2 and it is implicit in Stoll's equations. 3 This is usually referred to as the uniform, isotropic elastic frame assumption.
In practice, the grains are much stiffer than the contacts; therefore, they retain their spherical shape and almost all the strain is absorbed by the contacts, mostly in the form of additional shear deformation, as illustrated in Fig. 1͑c͒ . For small strains, this case corresponds to the Hertz-Mindlin model. 4 It predicts a Poisson's ratio for the skeletal structure that is lower than that of the grain material, and the porosity changes as a function of volumetric strain. This case will be referred to as the symmetric elastic contact model. Due to randomness in packing and imperfections, contact stiffness is expected to vary randomly, strain is unevenly distributed, and the center grain will be subjected to rotation and displacement in random directions orthogonal to the applied forces, as illustrated in Fig. 1͑d͒ . In this illustration, the upper right contact is the stiffest, and consequently the center grain is displaced to the lower left and rotated anticlockwise. This case will be referred to as the asymmetric elastic contact model. It has some similarities to a micropolar material. 5 Finally, if the number of contacts are more numerous than the minimum number necessary to determine its position and orientation, as is often the case, there will be additional stresses due to conflicts between the contact forces. The weaker contacts may be overcome by the stronger ones, and suffer plastic deformation and slippage. This case is illustrated in Fig. 1͑e͒ , in which two contacts are shown divided into two quadrilaterals with relative slip. The slippage is also a loss mechanism. The total frame resembles a complicated Maxwellian system. 6 This case will be referred to as the asymmetric inelastic contact model. This study addresses the asymmetric elastic model of Fig. 1͑d͒ . The inelastic model and slippage will be addressed in a later study.
In comparison to Eq. ͑3͒, the expression for the kinetic energy of a sound wave in a granular medium is expected to include an additional term,
where m p represents the additional linear and angular kinetic energy in orthogonal directions at the grain level, as a fraction of the linear acoustic energy. It also has the appearance of a virtual mass term. The resulting expressions for wave speeds are of the form
The subscript "g" is added to distinguish the granular medium from the uniform elastic solid.
The virtual mass coefficient m s for the shear wave may have a different value than that of the pressure wave. Expressions for the virtual mass coefficients will be derived, for a randomly packed granular medium with approximately spherical grains, by considering the coupling of translational and angular motion at the grain level. Each grain is mechanically connected to its neighbors at a number of contact points. If it were subjected to linear and angular displacements ͑⌬ x , z , ⌬ y , 
The inverse coupling matrix defines the displacements produced by applied forces and torques. Capital letters are used to distinguish the terms in the inverse matrix. 
͑8͒
In a perfectly regular crystalline structure or an elastic solid, all the contacts have identical stiffness and are evenly spaced over the grain's surface. A linear displacement ⌬ x will only generate a collinear force F x . Similarly, a rotation z will cause only a collinear torque T z . Conversely, a linear force will only generate a collinear displacement. Therefore, only the diagonal terms would be nonzero. The corresponding terms in the forward and inverse matrices can be shown to be inversely related, i.e., b xx is equal to 1 / B xx , etc. In the case of a granular medium with random packing, such as sand, the contacts between each grain and its neighbors are not perfectly balanced. Consequently, the off-diagonal terms of the matrices are generally nonzero. Consider a grain connected at N points to its neighbors. The ith contact point ͑where "i" is a number between 1 and N͒ is at polar coordinates ͑r i , i , i ͒ relative to the center of the grain and it has a compressive stiffness S ni and shear stiffness S ti . Let the grain move a distance ⌬ x from its equilibrium position. In this case, it is convenient to have the +x direction coincident with i =− / 2, the +y direction coincident with i = 0 and i = 0, and the +z direction with i = 0 and i = / 2. Within the context of the coupling matrix, the collinear reactive force F x is given by
With reference to Fig. 2 , it can be shown that the diagonal terms b xx and h xx are given by 
Similar expressions may be derived for the remaining diagonal terms. Representative offdiagonal terms are given by
Similar expressions may be derived for the remaining off-diagonal terms. For spherical grains, a linear force normal to the surface must pass through the center of the sphere and, therefore, cannot produce a collinear rotation, and vice versa. Therefore the remaining off-diagonal terms a xx , a yy , a zz , q xx , q yy , and q zz are zero. For approximately spherical grains, they will be nonzero but still negligible.
The dominant random variables are expected to be variations in the compressive and shear stiffnesses S ni and S ti . Experimental studies indicate that the variations are large. The contacts with higher values of stiffness are randomly connected in "force chains" and the magnitude of the contact stiffness appears to follow an exponential distribution. 7 The contact points on each grain are more or less evenly distributed, because of the geometrical constraint that the separation between adjacent grains be at least one grain diameter. The probability density function ͑pdf͒ of the contact point angles, i , and i , may be represented by uniform probability densities,
Integrating the product of each diagonal term with the appropriate pdf, one obtains the first moments.
where ͗...͘ indicates the first moment or average value and r o is the average value of r i . Since spherical grains of approximately the same size are assumed, variations in the value of r i are negligible to first order. Each off-diagonal term contains a multiplication by cos͑ i ͒ or sin͑ i ͒, and its average value must be zero. This means that a traveling wave is not refracted by the grain contact physics. The stiffnesses S ni and S ti at each contact point are related by the Poisson's ratio of the contact material by the Hertz-Mindlin model,
At this point, it is convenient to consider the stiffness terms S ni as the sum of an average value and a zero-mean random deviation,
such that
It can be shown that the second moments of the diagonal terms are given by 
The second moments of the off-diagonal terms are expressible as double integrals of the form
The solutions are
Using these expressions, it is possible to formulate the kinetic energy in the orthogonal directions that must exist at the grain level and derive expressions for the virtual mass terms. Consider a wave traveling in the +x direction as defined by Eq. ͑2͒. The displacement of a particle of mass m relative to its neighbors is given by
This displacement, in combination with the random imbalances in the contact stiffness, will couple into orthogonal directions. The coupled motion is incoherent from one grain to the next; therefore, it can only be treated statistically. For example, the mean-square linear force in the y direction is given by ͗f y 2 ͘ = ͗͑b xy u f ͒ 2 ͘ = ͗b xy 2 ͗͘u f 2 ͘. ͑24͒
Since b xy is a grain-level medium property, and u f is the macroscopic result of an external force, they are uncorrelated. The corresponding mean-square kinetic energy is given by
where ͗v y 2 ͘ is the mean-square velocity in the y direction. It may be expressed as a fraction of the particle kinetic energy in the wave direction,
This term represents a component of the virtual mass term m p due to the linear kinetic energy in the y-direction, hence the subscript "ply." Substituting from the above equations, one obtains an expression in terms of the second moments of the coupling coefficients, m ply = B xx 2 ͗b xy 2 ͘. ͑27͒
For coupling of linear energy into angular motion about the y axis, a similar result is obtained,
